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Abstract 

We explicitly compute the entropy of an extremal dyonic black hole in heterotic string 
theory compactified on T 6 or K3 x T 2 by taking into account all the tree level four 
derivative corrections to the low energy effective action. For supersymmetric black holes 
the result agrees with the answer obtained earlier 1) by including only the Gauss-Bonnet 
corrections to the effective action 2) by including all terms related to the curvature squared 
terms via space-time supersymmetry transformation, and 3) by using general arguments 
based on the assumption of AdS$ near horizon geometry and space-time supersymmetry. 
For non-supersymmetric extremal black holes the result agrees with the one based on 
the assumption of AdSz near horizon geometry and space-time supersymmetry of the 
underlying theory. 
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1 Introduction 

String theory at low energy describes Einstein gravity coupled to certain matter fields, 
together with infinite number of higher derivative corrections. Thus study of black holes 
in string theory involves study of black holes in higher derivative theories of gravity. 
While this is a complicated problem for general black holes, there are various techniques 
available for studying higher derivative corrections to the entropy of extremal black holes 
with or without supersymmetry. Nevertheless most of the analysis so far has been done 
by taking into account only a subset of these corrections, e.g. by including only the terms 
in the action proportional to Gauss-Bonnet termjT], or by including the set of all terms 
which are related to the curvature squared terms by supersymmetry transformation [21 

ei si m ei m s eE 

Even at the string tree level there are other four derivative terms 
in the action which are a priori equally important, and hence there is no justification 
for not including these terms in the analysis. Later refs. [Til [T2] proved certain non- 
renormalization theorems establishing that for a certain class of supersymmetric black 
holes the results of [IIEIIIIEIIHICFIIEIE] are in fact exact. The underlying assumption 
behind this proof is the existence of an Ad S3 component of the near horizon geometry 
of the black hole solution when embedded in the full ten dimensional space-time, and 
supersymmetry of the resulting two dimensional theory that lives on the boundary of this 
AdS 3 . 

Notwithstanding these non-renormalization theorems, it is important to verify the 
result by a direct calculation that takes into account all the higher derivative corrections 
in a given order. An attempt in this direction was made in [13] where the author tried 
to include all the tree level four derivative corrections to the action of heterotic string 
theory compactified on a six dimensional torus T 6 , and used this to compute correction 

1 See [10] for some discussion on the relation between these two approaches. 
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to the entropy of an extremal dyonic black hole[14j . The apparent conclusion of this paper 
was that the entropy computed this way disagrees with the earlier results based on the 
calculations of[H|2j|3lllllSlElIZllHllS]- If this is correct then this would also contradict the 
non-renormalization theorems of [TTJ [12] . A closer look however reveals that the analysis 
of P3J left out one important term, - the coupling of the gravitational Chern-Simons term 
to the 3-form field strength. 

The purpose of this paper is to recalculate the entropy of a dyonic black hole in tree 
level heterotic string theory by including the complete set of tree level four derivative 
terms in the heterotic string effective action. We find that after the effect of gravitational 
Chern-Simons term is included, the resulting entropy agrees perfectly with the results of 
earlier analysis, in accordance with the non-renormalization theorems of [TTI [T2] . 

In carrying out our analysis we use the entropy function formalism (15] which is well 
suited for studying higher derivative corrections|16 t \T7 \ \TE[ fTU] to the entropy of extremal 
black holes. In the specific context of heterotic string theory in four dimensions, this 
formalism has been used to calculate the extremal black hole entropy in the presence 
of Gauss-Bonnet term|20j. as well as in the presence of all terms related to the curva- 
ture squared terms via space-time supersymmetry transformaion[2T] . It was also used 
in the analysis of [13] for computing the effect of all the four derivative terms at tree 
level heterotic string theory except the gravitational Chern-Simons term. In general the 
computation of the entropy function involves expressing the four dimensional Lagrangian 
density in a fully gauge and general covariant form involving only the gauge field strengths, 
metric, Riemann tensor, scalar fields and their covariant derivatives, and then evaluat- 
ing it in a generic SO(2, 1) x 50(3) invariant background reflecting the isometry of the 
AdS2 x S* 2 near horizon geometry of an extremal black hole. For part of the four di- 
mensional lagrangian density which comes from the dimensional reduction of a manifestly 
covariant six dimensional lagrangian density, the contribution to the entropy function can 
be related to the value of the six dimensional Lagrangian density evaluated in the corre- 
sponding six dimensional background [IS]- This avoids the necessity of first dimensionally 
reducing the six dimensional lagrangian density to four dimensions and then evaluating 
its value. However this procedure fails for a part of the six dimensional lagrangian density 
that involves the gravitational Chern-Simons term coupled to the 3-form field strength, 
since this term cannot be written in a manifestly covariant form. Thus we need to first 
dimensionally reduce this term to four dimensions, express it in a manifestly covariant 
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form after throwing away total derivative terms and then evaluate its value in a spe- 
cific background geometry. A general procedure for dealing with dimensionally reduced 
Chern-Simons terms in the entropy function formalism was developed in [22]. Thus the 
entropy function formalism is well-suited for studying the problem at hand. 

In section [5] we discuss the general strategy for dealing with the dimensional reduc- 
tion of a six dimensional action that contains a gravitational Chern-Simons term in the 
definition of the 3-form field strength. We also discuss the strategy for computing the 
entropy function in such a theory. In section [3] we consider the specific example of tree 
level heterotic string theory compactified on T 6 or K3 x T 2 , analyze the complete low 
energy effective action up to 4-derivative terms and evaluate its contribution to the en- 
tropy function. The extremal black hole entropy, given by the value of the entropy func- 
tion at its extremum, is then shown to match the results of the earlier computation of 
[IlElEllllElElElElElIISlEniEI] based on only a subset of the 4-derivative corrections 
to the Lagrangian density. 

2 Strategy for Dealing with Chern-Simons Terms 

We begin with the low energy effective field theory of ten dimensional heterotic string 
theory compactified on T 4 or K3. At tree level there is a consistent truncation of this 
theory in which we ignore all the ten dimensional gauge fields and the massless fields 
associated with the components of the metric and the anti-symmetric tensor fields along 
the compact space T 4 or K3. In this case the remaining massless fields consist of the 
string metric G^ N , the anti-symmetric tensor field B$ N and the dilaton field $^ 6 - ) with 
< M, N < 5. The gauge invariant field strength associated with the anti-symmetric 
tensor field is given by: 

H-mnp = ®mB np + 8nB pm + d P B MA r + Afi MArp , (2.1) 

where A is a coefficient to be specified later and &mnp denotes the gravitational Chern- 
Simons 3-form constructed out of the six dimensional spin connections, normalized such 
that 

^q^mnp + anti-symmetrization in P,Q, M, N 
= — B^ K SMN R^ S kpq + anti-symmetrization in P, Q, M, N . (2.2) 
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Rmnpq denotes the Riemann tensor associated with the metric Gf 1N . We shall denote 
the action of this theory as 



S = J d 6 x 7- det £ {6) (2.3) 

where the Lagrangian density is a function of G^ N , the Riemann tensor R$ NP q, 
H-mnp-i an d covariant derivatives of these fields. 

We shall study compactification of this theory on a two dimensional torus T 2 and study 
the entropy of extremal black holes in this theory. This will give rise to four abelian gauge 
fields from the components of the metric and the antisymmetric tensor fields along the T 2 
directions. The resulting lagrangian density, besides depending on the covariant objects 
like the metric, Riemann tensor, gauge field strengths and their covariant derivatives, will 
also depend explicitly on the spin connection and the gauge fields due to the presence of 
the gravitational Chern-Simons term inside Hmnp as in (12.11) and similar gauge Chern- 
Simons terms which are induced during compactification [23J. Our goal is to express the 
effective Lagrangian density in a manifestly covariant form without involving any Chern- 
Simons terms so that we can apply the entropy function formalism. This will be done in 
two steps: 

1. First at the level of the six dimensional description itself we shall introduce a new 
field C^j N and its field strength 

^mnp = 9mC^ p + OnCpIj + dpC^N > (2-4) 
and consider a new Lagrangian density 

V-detG(°>£< 6 > es v 7 - det GV> + _L_L e MN ^ RS ]C% P H^ s 

1 1 x MNPQRS K~(6) n( 6 ) (0 ^ 

167T 2 (3!) 2 ^MNP^QRS 

where we treat H^np and C^ N as independent variables. The normalization factor 
of Yg^pjp- has been introduced for later convenience. Then we can first solve the 
CjJjv equations of motion to get the result 

d(H^-Xn^) = 0, (2.6) 
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which can then be solved to get (12.11) . Substituting this into (12. 5p we recover the 
original action (12.31) . On the other hand if we first eliminate H MNP by using its 
equation of motion, we get 

V-detGW = V-detG(6) - j^j^X ^ RS K^ NP ^RS (2-7) 

where C^' is the sum of the first two terms on the right hand side of (12.5ft after 
elimination of H^ NP . This is now to be regarded as a function of the 'dual field' 
Cff N . C^' depends on C^n solely through its field strength /C^ oc dC^ and 
hence has a manifestly covariant form without any Chern-Simons terms. The full 
Lagrangian density is still not manifestly covariant due to the presence of the Chern- 
Simons 3-form in the last term of (12.71) . 

2. We now dimensionally reduce this theory to four dimensions by introducing the 
fields G^, C^, $, G mn , C mn and A® (0 < p < 3, 4 < m, n < 5, 1 < i < 4) via the 
relations 

^mn — ^mn) ^mn — ^ mn i 

/i(m-3) _ }_nmnr<(&) A(m-1) _ _(~<(6) _ n /l(n-3) 

•^fi ~ 2 ^m/ii ^fi ~ 2 mn ^mn^n > 

n — ni®) — W6) fl{&) 

C - r\ & ) _ AC! A( m - 3 ) A( n - 3 ) _ 0( A( m - 3 ) Ai™- 1 ) — A( m - 3 ) Ai" 1 ^ 1 )] 

$ = $(6)_ IiuVm, (2.8) 

where x 4 and x 5 are the coordinates labelling the torus and Vm is the volume of 
T 2 measured in the string metric. We shall normalize x 4 and x 5 so that they have 
coordinate radius ^/a* = 4. Then 

V M = 647r 2 VdetG. (2.9) 

The gauge invariant field strengths associated with A® and are 

J-g = d,Af - d u Af , 1 < i, j < 4 , (2.10) 

fc^p = (9^C up + 2A® LijFjiJ) + cyclic permutations of p, v, p , (2.11) 
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where 

I2 being 2x2 identity matrix. In this case the Lagrangian density, obtained by 
dimensional reduction of the right hand side of (12. 7p has the form 

V-detGC = V-detGC' + V-detGC" , (2.13) 

where 



V- det G £ = J dx A dx 5 7- det G( 6 ) £ (6)/ , (2.14) 

V-detGC" = ~J^J^y X J dx^dx 5 e MNPQRS K. < S NP n^ ) RS +tota\ derivative terms. 

(2.15) 

£ is a function of the field strength Kp Up and other covariant objects. We shall 
explicitly demonstrate that £' is also a function of the field strengths and other 
covariant objects after we remove certain total derivative terms. However due to 
the presence of explicit gauge fields in the expression for JC^p this form of the 
Lagrangian density is not suitable for applying the entropy function method. For 
this we dualize this action further by replacing the Lagrangian density V - det G £ 
by 

V-detG I + e^* 7 K» vp d a b + 3b F®L i5 J*?} , (2.16) 

and treating JCp Up and the new scalar field b as independent variables. If we choose 
to first use the equation of motion of the b field then we get 

<?""d a (K^p - 6AfLi^) = , (2.17) 

which has as its solution the form (12.111) for some C^ u . Substituting this into (12.161) 
we recover the original action ( 12. 13f) up to total derivative terms. On the other 
hand if we first eliminate JCp Up from (12.161) by its equation of motion we shall get a 
Lagrangian density of the form: 

V-detG C = V- det G C' + 3b T^U,^ , (2.18) 

where £', obtained by substituting the solution for K,^ vp in the first two terms 
in (I2.16p . has a manifestly covariant expression in terms of d a b and other covariant 
objects. This way we arrive at a manifestly covariant form of the Lagrangian density 
for which we can apply the entropy function formalism. 
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Let us now say a few words about the evaluation of the entropy function £. For this 
we need to consider a general AdSi x S 2 near horizon geometry with all other background 
field configurations consistent with the symmetries of AdS2 x S 2 and define 

£ = 2n (Yjiti- J dOdcpV-detGCj , (2.19) 

evaluated in this background. Here denotes the electric charge associated with the 
gauge field Aff and ej denotes the value of the radial electric field F$ . Since (I2.18P is 
obtained from (12 . 1 6[) after elimination of the variables /C M ^ P , and since the right hand 
side of ( 12. 16)) is manifestly covariant when K,^ vp is interpreted as an auxiliary field, we 
can replace the V - det G C on the right hand side of (12.191) by the right hand side of 
(12.161) . Since both d a b and JC^p vanish in an AdS2 x S 2 geometry due to the absence of 
50(2, 1) x 5*0(3) invariant 1- and 3-forms, we can set them to zero in fl 2 . 1 6 1) during the 
computation of the entropy function. Thus we have 

8 = 2n fe ft - J d9 dcf) V- det G I - 3 J d6d<p b e^ pa F^L^F®) . (2.20) 

Using eqs. (l2.13l) . (12. 14j) we can express this as 

£ = 27r(X!ft g 'i- f d9 d<f> dx 4 dx 5 y/- det 0( 6 ) £ (6)/ - f d6 dtp V- det G £" 
i=i J 

-3 Jd9d<j>b <r>° F® Lij J#f) . (2.21) 



Finally, using (I2.5p . (I2.7P we can express this as 



£ = 2tt 



£ &k ~ J d9d4>dx*dx 5 ^-detGW + e MNP ^ RS JC% P H^ s 
- J d6d<p V- det G C" - 3 J dO d<j> b e pvp<T F^L ij F l 



(f) 

up 

where H^ NP needs to be interpreted as an elementary auxiliary field which has to be 
eliminated by its equation of motion. The terms in the first line of (I2.22p can be evaluated 
by regarding the background clS db SIX dimensional configuration. Thus we do not need 
to explicitly find the dimensional reduction of this term. For the contribution from the 
C" term however we cannot directly evaluate the six dimensional form proportional to 
/ dx 4 dx 5 £ MNPQRS fcftNP^Q ) Rs due t° the presence of the total derivative terms in (I2.15p . 
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We need to first find its dimensional reduction to four dimensions and then use this to 
calculate the entropy function. 

So far we have not made any approximation. What we are interested in however is 
an approximation scheme where we take into account higher derivative corrections to the 
effective action in a power series expansion. In particular we shall be interested in the 
correction due to the four derivative terms in the action. For this let us split the original 
Lagrangian density as 

£(6) = £ (6) + £ (6) ^ (2>23) 

where Cq^ denotes the supergravity Lagrangian density and C^f 1 denotes four derivative 
corrections. The entropy function obtained from this Lagrangian density has the form: 

£ = £ + £i, (2.24) 

with Sq and £ i reflecting the contribution from the two and four derivative terms respec- 
tively: 

£ = 2n ( £ qA - J dOd^dx 5 (V-detG(6) £«> + e MNP ^}C% P H^ RS ) 
-3 J dOd^ b > ( 2 - 25 ) 

£ 1 = 2tt(^- J d6d<f)dx 4 dx 5 7- det - J d6d<j> V- det G C"\ . (2.26) 

Since the entropy is given by the value of £ at its extremum, a first order error in the 
determination of the near horizon background will give a second order error in the value 
of the entropy. Thus we can find the near horizon background, including the auxiliary 
field Hf) NP , by extremizing £ and then evaluate £ + £\ in this background. This gives 
the value of the entropy correctly up to first order. 

3 Computation of the Entropy 

We shall now compute the entropy function for heterotic string theory compactified on 
T 6 or K3 x T 2 following the strategy outlined in the previous section. We begin with 
the computation of £q. In the a' = 16 unit that we shall be using in order to facilitate 
comparison with previous results (e.g that of [20J ) , the relevant bosonic part of the La- 
grangian density describing heterotic string theory compactified on T 4 or K3, can 
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be expressed as 



i2(6) +Ad M ^d M ^ -L H f) NpH (S)MNP 



(3-1) 



where all the indices are raised and lowered by the six dimensional string metric Gf] N . In 
writing down this expression we have set to zero all the ten dimensional gauge fields as 
well as the gauge and moduli fields associated with the compact space T 4 or K3. This is 
a consistent truncation of the theory. Thus at this order H^ NP , obtained by extremizing 
Sq given in (I2.25p . is given by 

H{ 6)MNP = _i. 2 (v /_ detG (6))-l ^ ^NPQRS^ ( g 2) 

As discussed after eq. (12.261) . we can continue to use this result even at next order if we 
want to calculate the correction to the black hole entropy up to four derivative terms. 

After dimensional reduction given in (12. 8p we get a four dimensional theory. We 
consider an extremal black hole solution in this theory with near horizon configuration: 

ds 2 = G^dx^dx" = v 1 ( -r 2 dt 2 H j + v 2 (d9 2 + sin 2 Odcf 2 ) , 

Q= (o ? u 2 ) ' ^ = ' e- 2 * = M5 , 6 = 0, 

J- rt — ei, — — e 3 , ^ ~ir ^ _ 647r 

where an extra factor of 1/16 has been included in the expressions for jF r y and for 
later convenience. We have set the off-diagonal components of G, C, the scalar field b 
and some components of the eletromagnetic field strengths to zero by requiring the field 
configuration to be invariant under 1 for 1 < i < 3. Using (12, 8p we 

see that this corresponds to the following six dimensional field configuration: 

dsl = G$ N dx M dx N = ds 2 + ul(dx 4 + 2eirdt) 2 + w 2 , ( <ix 5 — — cos 



2tt 



_ 1^ „ ^( 6 ) _ _El 

32tt 



°4t — o e 3 r ; — 7^; COS f 



e--« = , (3.4) 

bAn z UiU 2 



which gives 



K-Sl = -- e 3 , /Cg 5 = -J^ sin 9 . (3.5) 
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We shall use the convention 

e* r ^ 45 = 1 . (3.6) 

Eg. (13.21) then gives 



#(8)rt4 = ^ (v /_ detG(6)) -l e 2*(«) K (6) 



7T v ViV 2 U S 

'■■ _ 2 ^/ ZT^n-i^W K (6) 16tt 



P4, 



^(6W5 = (J_ de tG(6))-V* w 4 6 *l = ^^e 3 . (3.7) 

7r V1V2US sm 6 1 



For this specific configuration (12.25ft gives the leading order entropy function to be 

Sn = 27T 



1 (22 2u\e{ 1287r 2 n|el 
eigi + e 3 g 3 - ^iv 2 u S ( — + - + — — + —572 ^3 ~ TXX 



t>l f 2 Ui ViUg 57T^t>2 

(3.8) 

Extremizing this with respect to e\ and e 3 and substituting their values back in ( 13. 8ft we 

get 



e l = 2 ' e 3 = ^77^ 2 • ( 3 - 9 ) 

V2USU1 62tT z V2U2 



and 



£o = jViV 2 Us 



(3.10) 



In this form the entropy function cannot be directly compared with the earlier results 
of [20], since we have defined the gauge fields A$ and A$ via dimensional reduction 
of the fields Cf} N whereas the gauge fields Affl and Affi of ref. [20] would come from 
the dimensional reduction of the anti-symmetric tensor field Bf) N which are dual to the 
fields Cf} N . We can find the relation between the charges (pi, g,) and the charges (p», g«) 
of [20] by comparing the expressions for }J^ MNP given in (13. 7p with the corresponding 
expressions in [20], and then using the relation between the near horizon fields and charges 
in both description. This gives 

<?i = ft, P2 = P2, Q3 = -P4, Pa = -?a • (3-11) 
(13.101) may now be rewritten as 



£0 = ^viv 2 us 



2 2 | 8q 2 | pj | u\y\ | 8^gg 
t>i t> 2 v\u 2 s u\ 8tx 2 V2u\ 8ir 2 v 2 v 2 Ug 



(3.12) 



This agrees with the entropy function computed in |20j . 
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The relations (13.111) between the two sets of charges depend on the precise normaliza- 
tion of the dual field JC^ NP and the definition of the four dimensional gauge fields in terms 
of the six dimensional fields, but not on the details of the Lagrangian density C^ 6 \ Thus 
(13.111) continues to hold even after inclusion of higher derivative corrections to the action. 
In order to facilitate comparison with the known results we shall express all answers in 
terms of the charges qi, q^, p 2 and p 4 from now on. Physically these charges represent n 
unit of momentum and w unit of winding charge along x 4 and N' unit of Kaluza-Klein 
monopole and W unit of H-monopole charge associated with the circle along x 5 , with [20] 



1 n, <?3 = 7: w, p 2 = AttN', 



Pi 



AttW . 



2 1 2 

Extremizing (13.121) with respect to V\, v 2 , «i, u 2 and us and using (13.91) we get 



(3.13) 



Vi = v 2 



ei 



4vr 2 



\P2Pi\ 



us 



in 



\ 



qiQ3 



4vrgi 



|P2P49i93|, e 3 



P2P4 
1 



«1 



\ 



u 2 



\ 



Pi 

P2 



Anp 4 



(3.14) 



Substituting this back into (13 . 12[) we get the leading order contribution to the black hole 
entropy: 

£0 = \f\p2~pmq^\ = 2mJ\nwN'W'\ . (3.15) 
We now turn to the evaluation of £\. We shall divide the contribution into two parts: 

£ x = £[+£'(, (3.16) 

where 



£[ = -2tt J d9d0dx 4 dx 5 \/- det G^ Cf ] 



(3.17) 



and 



£" = - I d9d(j>V- det GC" . (3.18) 

First let us compute £[. For this we need the expression for the four derivative corrections 
to the heterotic string effective action at the string tree level. This is given by|241 125] 



(6) 



167T 



d(6) 
It 



KLMN 



1 tt(6)MN rr(6) tt(6)KPQ tt(6)L 

-n K n LMN n n PQ 



r>(6)KLMN _ ± d(6) 

2 

1 "(6) 



tt(6)KL tt(6)PMN 
KLMN n P n 



ttW tt(6)^ tt{G)LP tt(6)RMQ 
PQ ' ^ n KLM n PQ n R n 



(3.19) 
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Using H<nj) - (|577|1 and fl3TT7D we get 



—AtXV\V2Us 

Aujpl _ 

4 4 



3ejuj 3p z 2 u z 2 llufef llffiu 



v 



16ffvr 2 



+ 



1 1 

647r 2 w 2 e| Aufpjej Au\e^f 2 

r o o o ~r 



2v$ 



+ 



512^7T 4 



vfv 2 u 2 s 
10240 n A ule\ 

4 4 



(3.20) 



As discussed below eq. fl2.26p . in computing the black hole entropy we can substitute the 
solution given in (13.141) . obtained by extremizing Sq, into the expression for E\. This gives 
the contribution to the black hole entropy from £[ to be |13j 



£[ = 16ir 2 



\ 



P2P4 



(3.21) 



Let us now turn to the computation of £'{. This would require first dimensionally 
reducing the Chern-Simons term to construct a covariant four dimensional Lagrangian 
density via eq.( 12.15[) . and then computing its contribution to the entropy function via 
eq. (13.181) . This analysis can be simplified by regarding the sphere labelled by 9, <fi also 
as a compact space and considering dimensional reduction of (12.151) all the way to two 
dimensions spanned by the coordinates r and t. The resulting two dimensional Lagrangian 
density has the form 



det G( 2 ) C {2) " 



X / dx 4 dx 5 d6 1 



16tt 2 (3!) 2 
+total derivative terms , 



lc MNPQRS r (6) q(6) 
e /V -MNP* L QRS 



(3.22) 



where the total derivative terms need to be chosen such that the C^" is manifestly 
covariant. The contribution £" to the entropy function is then given by 



£<{ = _2tt V- det CP) £ (2) " , 



(3.23) 



evaluated in the near horizon background of the black hole. 

We can carry out the dimensional reduction from six to two dimensions in two statges. 
First of all we note that the six dimensional field configuration given in (13 .4p has the 
structure of a product of two three dimensional spaces, the first one labelled by (9, <ft, x 5 ) 
and the second one labelled by (t, r, x A ). Thus we can make a consistent truncation where 
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we consider only those field configurations which respect this product structure. In this 
case (13.221) simplifies to 

1 1 



detG( 2 )£ (2) " 



16vr 2 (3!) 



;\ I dx 4 dx 5 d6 d<j> e^e^/cg^. - 



(3.24) 

where the indices m, n, p run over (6 1 , 0, x 5 ) and the indices a, $, 7 run over (t, r, x 4 ). We 
have chosen the following convention for the three dimensional e tensors: 



,tr4 



1, e^ 5 = l. 



Let us now label the components of the six dimensional metric as 

G^ndx^dx* = G { $ (h mn dx m dx n + {dx 5 + 2Ag ) dx m ) 2 ) 

and 



(3.25) 



(3.26) 



Gf $ dx & dx = g£ } (g aj3 dx a dxP + (dx 4 + 2^W a ) 2 ) (3.27) 

where the indices m, n run over (8, <p) and the indices a, j3 run over (t, r). Then it follows 
from the analysis of [26, 22J that 

1(6) 



d.r' ilt) ih , c" n,p n^ hp = 4vr J dd d(j> e r 



Rh + 4 h m 'v' h<* Tf ql JM] (3.28 



and 



J dx A e & ^ttf h = 4vr e a/3 [R b J*$ + 4 g a ' y g 5 ' 6 + total derivative terms 

(3.29) 

where R n and R g denotes the scalar curvature associated with the metrics h mn and g a p 
respectively. Our convention for the two dimensional e tensor is 

e H = 1 . (3.30) 



e tr = 1, 



Thus we get 



-det G( 2 )£ (2) " 
1 1 



rA 



7T (3P 2 
— 6tt { I dOdcbe 



6tt / d6d(he mn K: 



(6) ^ c a/3 
5mn 



R r {1) 4- 4 r> a V A 5 ' 5 



E> 77(2) , A um'p' h q'q W2) W 2 )l \ J*/9*-(6) 

-"-/i •'ran ' ^ ' 4 ' 4 •'mm' p'g' <?n I fc /v -4a/3 



(3.31) 
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Since the lagrangian density now has manifest covariance, we can apply the entropy 
function formalism. This requires evaluating the right hand side of (13.311) for the six 
dimensional background given in (13.41) . Noting that for this configuration 



h rnn dx m dx n = v 2 u 2 2 (d9 2 + sin^ 



g a pdx a dx 13 = v i u x 2 (—r 2 dt 2 + dr 2 /r 2 



we get 



det £ (2) " 



2Avr 



±ei - 2-± 4) + e 3 ' ' 7 - 



Un 



ATT \v± v\ I \V2 47T v\ \4:7lJ 



(3.32) 



(3.33) 



Evaluating this for the solution given in (13.141) we get 

Q1Q3 



E'{ = -2,^G^C^" = - A7r 2 ( - q ^ + V /|P2P49193 ') 

6 Wbwufel y 



|p2P4gigs| 

For definiteness we shall now consider the range of values 

P2 > 0, p 4 > 0, g 3 > . 



(3.34) 



(3.35) 



In this case the full black hole entropy, given by the value of the entropy function at its 
extremum, becomes 

^2 r 



i + JHJi 6 + hfi + « 

P2P4 I 6 \ \q x \ 



Let us now turn to the determination of the parameter A. If we define 



a = 128vra (6) 



45 5 



(3.36) 



(3.37) 



then after elimination of H\J NP using ( 13. 2ft and dimensional reduction to four dimensions, 
the action contains the terms: 



1 



32tt 



d x 



~ v^detG e 2 * G^d,ad u a + A fl ^ tf^ R d cpa + 



(3.38) 



a plays the role of the axion field. Comparing this with the standard action for tree level 
heterotic string theory (see e.g. [21]) compactified down to four dimensions, we get 



A = 48. 



(3.39) 
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Eq. fl3.36p now gives 



\l\P2P1q1q3\ 1 + 32 



7T 



2 1 



2ix^\nwN'W'\ 1 + 



2 1 



£ 



N'W. 
1 1 



for qi > , 



^/|P2P49l93| 1 + 16 



P2P4 



2vry / |nw;iVW| 1 + 



for gi < . 



(3.40) 



For qi > the black hole is supersymmetric. The result for the entropy agrees with 
the result obtained by 1) including only the Gauss-Bonnet term in the four dimensional 
effective action[U EH], 2) including a fully supersymmetrized version of the curvature 
squared correction in the four dimensional effective action[3l HI El [6J [7J El [9] and 3) the 
argument based on the existence of an AdS^ component of the near horizon geometry and 
supersymmetry of the associated boundary theory [TT1 [12]. Since the last result makes 
use of supersymmetry to relate the gauge anomaly to the trace anomaly in the boundary 
theory, our result provides an indirect evidence that the bosonic effective action given in 
(13.191) can be consistently supersymmetrized to this order in a'. 
We also see from (13.361) that 



This agrees with the result derived under the assumption that the subspace spanned by 
the coordinates x 4 , t and r form a locally AdS% space time near the horizon [TT | [T2l |2T| [22] . 

Finally we note that for heterotic string theory compactified on T 6 or more general 
M = 4 supersymmetric string compactification, the statistical entropy of some of these 
black holes can be computed exactly by representing them as a configuration of D-branes 
and Kaluza-Klein monopoles in the dual type IIA string theory [271 Ml US EDI EH E21 [33] . 
The approximation used here by restricting to tree level heterotic string theory will be 
a valid approximation if the near horizon value of the string coupling constant is small. 
(13.141) shows that this requires the electric charges q±, q 3 to be large compared to the 
magnetic charges P2, j>\. Within this approximation the result for the statistical entropy 
is known to agree with the black hole entropy computed using the Gauss-Bonnet term|34l 
1301 EH E3] . Hence this also agrees with the results found here by including the complete 
set of higher derivative terms. 




(3.41) 
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